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TODAY 'S LECTURE
- -

- Reachability problem for Updatable Timed
Automata



Semantics of UTA :
-

- -

When does UTA A accept

a timed word ( a.
, ti ) la. ,tz7 - - - Can .tn) ?

Valuations: V : X '→ IR>o

Operations on valuations: Ut S
- -

up ( a ← New operation

Exempt : suppose X= En , y .
23

up is : n:= at 2

Y : = z - 5

2 : = U

" = :p: ) upwn -

- E: )
7-2

Vz = ( §
. ,
] up IN-7 not defined since y : - 2-5

results in a negative value



uphill = { ucyitd it n fgiddando
.

C if n:= C
,
CZO

upas is undefined otherwise

Run of a UTA on a timed word :
-
- -

w: la . .
ti ) Iaa ,

til - . . . Can .tn)

Run : ( go , Vol→ ( oh , Vi ) → . -
. .

→ ( qn ,
tn )

if : F q.
"

git ,
Upi

Si
-

s-t . vi t ( tin - ti) f gi

up ,
( Vi t Si) is defined

Viti = Upi ( Vi + Oi )

Accepting run : gn is accepting



Emptiness problem :
- -

- Given UTA A ,
is language of A empty ?

them: Emptiness problem is undecidable for UTA
.

Proof of undecidability:-
- -

Reducing emptiness problem of 2- counter machines .

2- Counter Machines
- -

( Q . Qo , I, .

{ c. d } ,
d )

t
'counters

Operations on counters : D increment Ctt , dtt

⇒ decrement e - - , d- -

37 Zero test c==o
,
d - =o ?

A , d==o
Ex - of a transition : g- g,

'

Ctt

- counter values are always 30

- A transition with a decrement c- - can be taken

only when c > I



simulating a- tenner machine wing ea:

Run of the counter machine :

( go . 0,07 → ( oh , 1. o) → - - - -
→ ( 9; , Ce , .di )

- - - -

2- Counter machine A → 3 - clock UTA B
- -
- -

t.

Clocks { n , y ,
2 }

2=0 ?

97++9
'

→

q
-g

'

n Ntl

2=0?

9, - g
' →

q - g
'

a - - y :=y - i

2=0 AN =o
?

C -- =D

q - g
' →

q
-

g
'

- There is Zero time elapse in UTA B
, ensured by 2=0 .

Clock n gives the value of counter c
,

chock y counter d

- For every run of
2- counter machine ; there is a zero - time run of

UTA :

( go , 4=0,4--0 , 2=0)
- (9,1 , X=9 , y - di , 2=0) → - - - - -



Decidable subclasses :
- -

General idea to show decidability : Region automaton

Recall region equivalence : for diagonal - free

U Im U
'
if a) Lula) I = Lu' last or Vln)

,
V' in) > M

z) { win) 3=0 Iff { U' ln73=O Hn : Vln) E ha

3) { Vln) } E { rely) } ⇐ {V' In) } E {V' ly ) } Ha , yivlnl.my) EM

M =3

I y -
XEV

>
EM
-7 •

95
(f

gnt-tdgn.TW



U Ina V
'

does not work in the presence of
diagonal constraints in guards .

Add the following conditions

in the presence of diagonals :

4) Lvln) -Wyld = Lu'm -vigil or

Ulm - rely) ,
V' In) - N' ly) are both > Ml

j d

5) Event - why 3=0 ⇐ {v'Ins -rely) 3=0

✓ my Srt . Ulm - Uy) EM

NI=3
. / -
- -

r
- / r y -

'

/ / r y
'

- - - - Y - -

- r e e
-

e r e - -
r
/

orange lines
- ,
/
,
'
- in the presence

-
r
-

of diagonals
/

- Call the equivalence given by the 5 conditions as 07¥, v '



The region equivalences U Emd U
' and V Em, v

'

satisfy the following conditions :

Lemma 1 : U I V
'

⇒ HS > o 78
'

> o et . ret S z v't S
'

-

Lemma z: V = v
'

⇒ u and U
'

satisfy the same set of-
Nl

diagonal - free guards having constant EM

v Edna v
'

⇒ u and U
'

satisfy the same set of
diagonal - free and diagonal

guards having constant Ena

Lemma 3: V E U
'

⇒ [RTU z CRI v
'

-

J
Reset of R

late now want the region -
-equivalence to work when

resets are replaced with updates .

Goal : For what subclasses of updates will the region-

equivalence work ?



Subclass 1 : N :=c
,
n :- y , diagonal - free guards-

Let M be max constant occurring among all guards in the automaton .

Len : Show that region - equivalence Eµ, satisfies Lemma 3 with

resets replaced with updates of the above form .

v Imu
'

⇒ u.ph ) ⇒ upon
' '

for all updates of the form

n :=c ,
n: - y x. y EX

CEO
Proof?
-

V Imu
'

if l) LVMH = Lu 'lnH or vln ) , V' In) > M

z ) {Vln ) } = ⑧⇐ {V' In) } -o ta : Vin) Eng

z) {vln7IEEvlyl3Es@Yn73EEvYyi3kn.y
venially ) EM

upto) Ina upto ' )

condition 1 : upto) (N) : if n iswas not updated , then 11 ) is true
-

Since VZMV
'

otherwise upwind = wplvillu) =c (done)

Uptain) = xly) upcvlln) ) = Y' ly )

↳ due to Uh Imu
'

, a ) is satisfied .

Conditions z and 3: similar .
-



Subclass 2 : R := n -11
,
.

diagonal- free guards-

Let M be max constant occurring among all guards in the automaton .

Em : Show that region - equivalence Eµ, satisfies Lemma 3 with

resets replaced with updates of the above form .

tosh: v Imu
'

⇒ apai) Im, uplv ' )

- Same as before .



Problem : Consider subclass with N'
.
- n-I

, diagonal - free guards .

Is there an
'

na
'

,
in general , for which Inn satisfies Lemmas?

-

Can we give an M s -tr V Imu
'
⇒ upto ) zmuplv

' )

for decrement updates .

-

No .

¥¥
-

is !! ! '
x. ,

4. I

2. ,

"

s ,

Idea of undecidability of this subclass:
-

- - - Nig ,
2

-
'

→ ⑨ ⑨

±¥→O O O
23

{23

2=0
- O O O-

y:=y -1

When 2=0
,
value of n gives counter

'

C '

Y -
' d '



Summary :-
- Emptiness problem for UTA

- Undecidable

- Some subleases with decidability . Proof based on regions

- More decidable classes in the paper :

Bouyer et al : Updatable Timed Automata .


